Thermal analyses of radially functionally graded (FG) 
Introduction
As is well known, a temperature difference results in the heat conduction and the heat transfer in structures. Manufacturing processes in factories generally include thermal processes. So the thermal analysis is an important issue in industry related to mechanical, chemical, automotive, petroleum, nuclear engineering and living tissues. A thermal analysis is also the back-bone for the thermal-related analyses such as thermo-mechanical, thermo-electro-mechanical etc. So an accurate solution to the temperature field in the structure is always be very helpful for understanding the real physical thermal response of the structure under consideration at both the manufacturing phase and during its life-time.
To explore the question a number of studies were performed analytically, numerically and experimentally up to now. Chang and Tsou [1] [2] used the Green's functions for heat conduction in an anisotropic medium for both steady state and unsteady state cases. Oato et al. [3] studied axisymmetric, transient, thermal stress analysis of a hollow cylinder composed of multilayered composite laminates with temperature changes in the radial and axial directions due to axisymmetric heating from the outer and/or the inner surfaces. They used Fourier cosine transform and Laplace transform for the temperature field and the thermo-elastic potential function and apply Love's displacement function to the thermo-elastic field. They then obtained the exact solutions for the temperature and thermal stress distributions in a transient state. Obata and Noda [4] studied the steady thermal stresses in a hollow cylinder and a hollow sphere made of a functionally gradient material (FGM) and compared their results with those of a FGM plate. Zimmerman and Lutz [5] derived an exact solution for the problem of the uniform heating of FG circular cylinder whose modulus of elasticity and thermal expansion coefficient vary linearly with radius. Tarn [6] found an exact solution for FG anisotropic cylinders subjected to thermal and mechanical loads. Awaji and Sivakumar [7] presented a numerical technique for analyzing one dimensional transient temperature distributions in a circular hollow cylinder that was composed of functionally graded ceramic-metal-based materials, with considering the temperaturedependent material properties. A 1-D steady state mechanical and thermal stress analysis of a thick hollow cylinder under axisymmetric and non-axisymmetric loads was studied by Jabbari et al. [8] [9] [10] . Liew et al. [11] sectioned the FGM cylinder into a number of homogeneous sub-cylinders. Displacements and stresses within the homogeneous sub-cylinders are obtained from the homogeneous solutions in Reference [11] . Tarn and Wang [12] worked the end effects of heat conduction in circular cylinders of functionally graded materials and laminated composites. Ruhi et al. [13] presented a semi analytical thermo-elasticity solution for thick-walled finite-length cylinders made of power-graded materials. The stress distribution in a power-graded orthotropic cylindrical body was investigated analytically by Oral and Anlaş [14] . Eslami et al [15] offered a general solution for the one-dimensional steady-state thermal and mechanical stresses in a hollow thick sphere made of a simple-power graded material. By using the Laplace transformation and a series expansion of Bessel functions, Ootao and Tanigawa [16] analyzed one-dimensional transient thermoelastic problem with power-law graded material properties. Pelletier and Vel [17] , by using an arbitrary variation of orthotropic material properties in the radial direction, studied analytically the steady-state response of a functionally graded thick cylindrical shell subjected to thermal and mechanical loads and simply supported at the edges by the power series method. Birman and Byrad [18] reviewed related studies published in 2000-2007.
After 2007s, one-dimensional studies are focused especially on the transient thermal analysis, the stress and deformation analyses under steady state case etc. Kayhani et al. [19] presented an exact solution of conductive heat transfer in a cylindrical composite laminate in the radial and azimuthal directions. Kayhani et al. [20] further obtained a general analytical solution for heat conduction in cylindrical multilayered composite laminates in the radial and axial directions. Hosseini and Abolbashari [21] presented a unified formulation to analyze of temperature field in a thick hollow cylinder made of functionally graded materials with various grading patterns. Bayat et al. [22] carried out a thermomechanical analysis of functionally graded hollow sphere subjected to mechanical loads and onedimensional steady-state thermal stresses. Lee and Huang [23] developed an analytic solution method, without integral transformation, to find the exact solutions for the transient heat conduction in functionally graded (FG) circular hollow cylinders with time-dependent boundary conditions. By introducing suitable shifting functions, the governing second-order regular singular differential equation with variable coefficients and time-dependent boundary conditions is transformed into a differential equation with homogenous boundary conditions. In Lee and Huang's [23] study, while the density has a constant value, the variation of specific heat is considered. Wang [24] developed an effective approach to analyze the transient thermal analysis in a functionally graded hollow cylinder based on the laminate approximation theory. The heat conductivity, mass density and specific heat are assumed to vary along the radial direction with arbitrary grading pattern as in the study. Wang [24] divided the transient solution into two parts. He obtained the quasi-static solution by the state space method and the dynamic solution by the initial parameter method in the time domain. By dividing the cylinder into some homogeneous sub-cylinders, an arbitrarily-graded circular hollow cylinder is studied analytically under arbitrarily non-uniform loads on the inner and outer surfaces by Li and Liu [25] . Delouei and Norouzi [26] presented an exact analytical solution for unsteady conductive heat transfer in multilayer spherical fiber-reinforced composite laminates for the most generalized linear boundary conditions consisting of the conduction, convection, and radiation. Arefi [27] performed a nonlinear thermal analysis of a hollow functionally graded cylinder by employing a semi-analytical method of successive approximations. A power function distribution is used for the simulation of nonhomogeneity of the material used. A temperature dependence is employed for only the thermal V. Yıldırım 114 conductivity. Based on the two-points Hermite approximations for integrals, Chen and Jian [28] proposed an improved lumped parameter model for the transient thermal analysis of multilayered composite pipeline with active heating. Daneshjou et .al. [29] presented a non-Fourier heat conduction analysis of infinite 2-D functionally graded (FG) hollow cylinders subjected to a time-dependent heat source. In Daneshjou et .al.'s study [29] , a new augmented state space method considering laminate approximation theory is introduced. All material properties are assumed to vary continuously within the cylinder along the specified directions following an arbitrary law.
As seen from the literature survey that the thermal-related analyses are of great importance for both cylindrical and spherical structures. However, most of those studies focused on the computation of thermal stresses in the structure. That is, although they implemented the temperature distribution in their analyses, the thermal behavior of such structures were not studied in a detailed manner. In the present study, because of these reasons, the thermal analysis of such structures is addressed individually for both spherical and cylindrical vessels made of functionally power-law-graded nonhomogeneous materials. It may be noted that the heat conduction equations are identical for both a cylindrical structure and a uniform discs or a circular annulus.
Derivation and Solution of Heat Conduction Equations
The rate of the heat flux in a solid object is directly proportional to the temperature gradient. The Fourier law governing the heat transfer by conduction is
where the temperature gradient is given in cylindrical coordinates, By using the first law of thermodynamics, the heat conduction equation is written as follows
This equation takes the following form without heat generation in the structure [30] .
Where Laplacian of the temperature is derived in cylindrical coordinates as 
In recent years functionally graded metal-ceramic composites gain considerable attention due to their attractive properties such as heat resisting, erosion and corrosion resistant, and fracture toughness. For the one-dimensional axisymmetric conditions, = 0, = 0, = 0 , the non-steady heat conduction equation of such materials in which the thermal conductivity, density, and the specific heat change along the radial direction becomes ( 
In the above equations, the material grading pattern may be chosen arbitrarily. Solution method to be adopted strictly depends on the material grading pattern considered. Some limited grading rules such as a simple power material grading rule permit to get the differential equation with constant coefficients and offer an analytical solution. For arbitrary grading patterns, the differential equations with variable coefficients are confronted. Consequently in the thermal analysis with arbitrary material grading patterns, it is necessary to use an appropriate numerical technique in the solution process. The material gradation may also be done as full-ceramic at the inner surface and full-metal at the outer surface, or vise-verse, or metal-ceramic mixtures at both surfaces by considering the real working conditions of the structure. Finally, all types of boundary conditions such as Dirichlet's, Neumann's, Robin's and mixed boundary conditions may be applied to the solution of equations (8).
To get exact solutions, in the present study, it is assumed that the thermal conductivity is changed outwardly between the inner and outer surfaces as follows 2 1 ) (
Equation (8) is solved with the first kind boundary conditions (Dirichlet)
The solutions for each homogeneous/inhomogeneous material types are presented in Tables 1 and 2 for cylindrical and spherical vessels, respectively.
Examples with Physical Materials
Metal-ceramic pairs considered in the present study and their material properties are presented in Table  3 . It is assumed that the inner surface is to be full-metal, and the outer surface is to be full-ceramic. Between the inner and the outer surfaces the material gradation obeys Eq. ( 
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Figs. 2 and 3 show the temperature and the heat flux variation in FGM-1, FGM-2 and FGM-3 metalceramic pairs for different aspect ratios. It is seen from Fig. 2 that the temperature change occurs somewhat rapid in spheres than cylinders. As the aspect ratio increases, that is when the thickness decreases, the temperature distribution differences between a cylinder and a sphere are facing disappearance. The temperature varies slowly in FGM-1 than the others. Heat flux in a sphere is higher than a cylinder as seen Fig. 3 . An increase in the aspect ratio results much heat flux in the structure. The maximum heat flux occur at the inner surface of both structural geometries. FGM-2 offers the best metal-ceramic pair regarding the heat flux. 
A Parametric Study with Hypothetic Inhomogeneity Indexes
In this section, a parametric study is carried out to investigate the temperature variation along the radial direction with both aspect ratios and hypothetic inhomogeneity indexes which vary from 10    towards 10   . Results are given in Table 4 and Figs. 4 and 5. 
